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Introduction
Around forty years ago, Serre [14] introduced a homological definition of intersection
multiplicity for modules over a regular local ring and showed that it satisfied many of the
properties which should hold for intersection multiplicities. We denote this multiplicity
$\chi_{R}(M, N)$ , where $M$ and $N$ are finitely generated modules over the regular local ring
$R$ such that $M\otimes_{R}N$ is a module of finite length (we recall the definition of $\chi_{R}(M, N)$
in section 1). Serre showed that the condition that $M\otimes_{R}N$ has finite length implies
that $\dim(M)+\dim(N)\leq\dim(R)$ , and he made the following conjectures:
1. (Vanishing) If $\dim(M)+\dim(N)<\dim(R)$ , then $\chi_{R}(M, N)=0$ .
2. (Nonnegativity) It is always true that $\chi_{R}(M, N)\geq 0$ .
3. (Positivity) If $\dim(M)+\dim(N\mathrm{I}=\dim(R)$ , then $\chi_{R}(M, N)>0$ .
Serre proved these results for equicharacteristic local rings and unramified rings of
mixed characteristic, leaving open the case in which $R$ is a ramified regular local ring
of mixed characteristic. The vanishing conjecture was proven about ten years ago by
Roberts [11] and Gillet and Soul\’e [3] using $K$-theoretic methods. Recently, Gabber (see
Berthelot [1], Hochster [4], or Roberts [13] $)$ proved the nonnegativity conjecture using
a recent result on resolution of singularities of de Jong [5]. In this paper we investigate
the conditions which are necessary for the positivity conjecture to hold and show that
the positivity conjecture implies a condition on the intersections of symbolic powers of
prime ideals in regular local rings.
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1 A criterion for positivity
In this section we set up notation, describe the construction of Gabber that we use,
and give a criterion (Theorem 1.2) for the positivity conjecture to hold.
Let $(R, \mathfrak{m})$ be a $d$-dimensional regular local ring with residue class field $k=R/\mathfrak{m}$ .
Let $\mathfrak{p}$ and $\mathrm{q}$ be prime ideals of $R$ that satisfy
1. $\sqrt{\mathfrak{p}+\mathrm{q}}=\mathfrak{m}$
2. $ht_{R}\mathfrak{p}+ht_{R}\mathrm{q}=d$.
Serre defined the intersection multiplicity of $R/\mathfrak{p}$ and $R/\mathrm{q}$ to be
$\chi_{R}(R/\mathfrak{p}, R/\mathrm{q})=\sum_{i=0}^{d}(-1)^{i}1\mathrm{e}\mathrm{n}\mathrm{g}\mathrm{t}\mathrm{h}(\mathrm{T}_{\mathrm{o}\mathrm{r}}R(iR/\mathfrak{p}, R/\mathrm{q}))$ .
Serre’s positivity conjecture states that in this situation, it follows that $\chi_{R}(R/\mathfrak{p}, R/\mathrm{q})$
is positive.
In the next few paragraphs we describe the construction used in Gabber’s proof of
the nonnegativity conjecture, after which we state the consequence of his theorem that
we will use. The whole proof is based on a theorem of de Jong [5] on the existence
of regular alterations, which can be considered a slightly weaker version of resolution
of singularities. It follows from de Jong’s theorem that there exists a graded prime
ideal $I$ in the graded polynomial ring $A=R[x_{0}, x_{1,\ldots,n}x]$ for some $n$ such that the
following three conditions hold:
1. $I\cap R=\mathrm{q}$ .
2. Proj $(A/I)$ is a regular scheme.
3. the morphism Proj $(\mathrm{A}/I)arrow Spec$ $R/\mathrm{q}$ is generically finite; that is, the extension
of function fields defined by this morphism is finite.
We remark that the existence of the ideal $I$ with the above properties requires that
the regular local ring $R$ is essentially of finite type over a field or a complete discrete
valuation ring, but that the multiplicity conjectures can be reduced to this case. We
refer to Berthelot [1] and Hochster [4] for details of this reduction. Throughout this
section we assume that these properties hold and that this construction can be carried
out. We let $X$ denote Proj $(A/I)$ .
The first step in Gabber’s proof of nonnegativity reduces the computation of inter-
section multiplicities to a computation on associated graded rings. Let $gr_{I}(A)$ be the
associated graded ring of $I$ ; since $I$ is a graded ideal of the graded ring $A,$ $gr_{I}(A)$ is a
117
bigraded ring. One grading, which we sometimes refer to as the first grading, is induced
by the grading on $A$ , while the second grading is determined by the powers of $I$ . To
the ring $gr_{I}(A)$ we associate a scheme $Y$ as follows. The component of $gr_{I}(A)$ of degree
$0$ in the second grading is $A/I$ , which defines the projective scheme $X=Proj(A/I)$ .
For each element $x$ of degree one in $A/I$ there is an open affine subset of Proj $(A/I)$
with associated ring consisting of the elements of degree zero in the localization $(A/I)_{x}$ .
Each such $x$ defines an element of $gr_{I}(A)$ of degree zero in the second grading. For each
such $x$ , we define an open affine subset of $Y$ by taking $SpeC(gr_{I}(\mathrm{A})(x))$ , where $gr_{I}(A)(x)$
is the ring of elements of degree zero in the first grading in the localization $gr_{I}(A)_{x}$ .
We denote $Y$ by Proj $(gr_{I}(A))$ and use similar notation for analogous schemes defined
by other bigraded rings. Note that since $I$ is locally generated by a regular sequence,
the associated graded ring $gr_{I}(A)$ is locally isomorphic to the symmetric algebra of
$I/I^{2}$ over $A/I$ . Thus if we define a scheme Proj $(s_{y}m/I(AI/I^{2}))$ associated to the bi-
graded ring $s_{ym_{A/I}}(I/I^{2})$ using a similar definition, the map induced on schemes by
the natural surjection from $s_{ym_{A/I}}(I/I^{2})$ to $gr_{I}(A)$ is an isomorphism.
Throughout this paper, we are concerned both with graded rings and with the schemes
that they define. To maintain consistency, when we speak of the dimension of a graded
ring or module, we mean the dimension of the associated scheme or sheaf, which is
generally one less than the dimension as a ring or module.
Let $\mathfrak{p}$ and $\mathrm{q}$ be prime ideals of $R$ satisfying the conditions stated at the beginning
of this section. Let $\tilde{I}$ be the image of the ideal $I$ in $A/\mathfrak{p}A$ . We have a surjective map
from $s_{ym_{A/I}}(I/I^{2})$ to $gr_{\overline{I}}(A/\mathfrak{p}A)$ . Let $K$ denote the kernel of this map, and let $\mathcal{K}$
denote the associated sheaf of ideals in $\mathcal{O}_{Y}$ , where $O_{Y}$ denotes the structure sheaf of
$Y$ . Then $\mathcal{K}$ defines a closed subscheme of $Y$ which is the projective scheme defined by
$gr_{\overline{I}}(A/\mathfrak{p}A)$ . The dimension of this subscheme is equal to the dimension of Proj $(A/\mathfrak{p}A)$ ,
which is $n+\dim(R/\mathfrak{p})$ . Let $\mathcal{I}$ denote the sheaf of ideals in $\mathcal{O}_{Y}$ defined by the ideal
$I/I^{2}\oplus I^{2}/I^{3}\oplus\cdots$ of $gr_{I}(A)$ .
We wish to define an Euler characteristic $\chi_{Y}(O_{Y}/\mathcal{I}, \mathcal{O}_{Y}/\mathcal{K})$ . We first recall the con-
struction of $\mathrm{T}\mathrm{o}\mathrm{r}_{i}^{o_{Y}}(\mathcal{O}_{Y}/\mathcal{I}, O_{Y}/\mathcal{K})$ . The sheaf $\mathrm{T}\mathrm{o}\mathrm{r}_{i}^{\mathrm{o}_{Y}}(\mathcal{O}_{Y}/\mathcal{I}, \mathcal{O}_{Y}/\mathcal{K})$ can be computed
using a locally free resolution in either variable and tensoring with the other, or by
taking the associated sheaves of the local computations of $\mathrm{T}\mathrm{o}\mathrm{r}$ . The locally free res-
olutions are finite since the graded ring $gr_{I}(A)$ is locally a polynomial ring over a
regular ring, which follows from the fact that Proj $(A/I)$ is a regular scheme. Each
$\mathrm{T}\mathrm{o}\mathrm{r}_{i}^{\mathrm{o}_{Y}}(\mathcal{O}_{Y}/\mathcal{I}, \mathcal{O}_{Y}/\mathcal{K})$ is a coherent sheaf over Proj $(A/I)$ , so we can then take its sheaf
cohomology and obtain a finitely generated $R$-module. Furthermore, since $\mathfrak{p}+\mathrm{q}$ is
primary to $\mathfrak{m}$ , the support of $\mathcal{O}_{Y}/\mathcal{I}\otimes O_{Y}/\mathcal{K}$ lies over the closed point of $R$ . Hence
the same is true for $\mathrm{T}\mathrm{o}\mathrm{r}_{i}^{\mathrm{o}_{Y}}(\mathcal{O}_{Y}/\mathcal{I}, \mathcal{O}_{Y}/\mathcal{K})$ for each $i$ , and the sheaf cohomology modules
they define are thus $R$-modules of finite length. For any coherent sheaf $\mathcal{F}$ of Proj $(A/I)$
with support lying over the maximal ideal of $R$ , we define the Euler characteristic to
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$=$. $\sum_{:}\sum_{j}(-1)i+j1\mathrm{e}\mathrm{n}.\mathrm{g}\mathrm{t}\mathrm{h}(H^{j}(X, \mathrm{T}\mathrm{o}\mathrm{r}_{i^{Y}}(\mathcal{O}\mathcal{O}_{Y}/\mathcal{I}, oY/\mathcal{K})))$.
We $\mathrm{w}\dot{\mathrm{i}}\mathrm{l}\mathrm{l}$ use these definitions and this notation in similar situations below for other
modules and for ideals and modules in other graded rings.
The first main step in this construction is to reduce the computation of $\chi_{R}(R/\mathfrak{p}, R/\mathrm{q})$
to that of the Euler characteristic $\chi_{Y}(O_{Y}/\mathcal{I}, O_{Y}/\mathcal{K})$ which we just defined (we refer
to the references [1], [4], and [13] cited above for details of how this is done). The
second step of the construction is to replace the graded ring $gr_{I}(A)$ by a polynomial
ring over a quotient of $A/I$ . Let $B=(A/I)\otimes_{R}k$ , where $k=R/\mathfrak{m}$ . We define a map
$\alpha$ : $I/I^{2}arrow\Omega_{A}\otimes_{A}B$ by sending $x$ to $dx\otimes 1$ , where $\Omega_{A}$ is the module of differentials on $A$ .
Since $I$ annihilates $B$ and $d$ is a derivation, $\alpha$ is a graded $A$-module homomorphism and
induces a ring homomorphism $\beta$ : $s_{ym_{A/I}}(I/I^{2})arrow s_{ym_{B}}(\Omega_{A^{\otimes_{A}}}B)$ . The main point is
that the assumption that Proj $(A/I)$ is regular implies that $\alpha\otimes_{A},1^{\backslash }$. $I\otimes_{A}Barrow\Omega_{A}\otimes_{A}B$
is locally a split injection so that the image in $Sym_{B}(\Omega_{A}\otimes_{A}B)$ can be used compute
Euler characteristics. We give an algebraic version of this construction.
Let $s_{1},$ $\ldots,$ $s_{d}$ be a minimal set of generators for $\mathfrak{m}$ . At this point we must assume
that $R$ is equicharacteristic or ramified, so that $\Omega_{A}\otimes_{A}B$ is a free $B$-module with basis
$ds_{1},$
$\ldots$ , $ds_{d},$ $dX_{0},$ $,$ $..,$ $dX_{n}$ (see [1], [4], or [13]). For simplicity of notation, we put
$S_{i}=ds_{ij},$$T=dX_{j}$ for $i=1,$ $\ldots,$ $d$ and $j=0,$ $\ldots,$ $n$ . Let $\{U_{jk}. |j, k=0, \ldots, n\}$ be an
additional set of $(n+1)^{2}$ variables. Then we define a ring homomorphism
$\varphi$ : $B[s_{1}, \ldots, s_{d}, T_{0}, \ldots, T_{n}]arrow B[S_{1}, \ldots , S_{d}, U_{00}, U01, \ldots, U_{nn}]$
by letting $\varphi(T_{j})=x_{0^{U}j0}+^{x_{1}}U_{j1}+\cdots+X_{n}U_{jn}$ for each $j$ . We then have maps
$Sym_{A/I}(I/I^{2})-^{\beta}Sym_{B}(\Omega_{A}\otimes_{A}B)$
$=B[S_{1}, \ldots , s_{d}, \tau_{0,n}(\cdot. , \tau]-^{\varphi}B[s_{1}, \ldots, s_{d}, U_{00}, \ldots, Unn]$.
We denote $B[s_{1}, \ldots, s_{d}, T_{0}, \ldots, \tau_{n}]$ by $F$ and $B[S_{1}, \ldots, S_{d}, U_{00}, \ldots, Unn]$ by $G$ . Both
$F$ and $G$ have natural structures of bigraded rings. In this case the first grading is
induced by that of $A$ ; in the first grading we let $S_{i}$ and $U_{jk}$. have degree zero, and we
let $T_{j}$ have degree one. All of the variables have degree 1 in the second grading. With
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these assumptions, the above maps are maps of bigraded rings. We thus have schemes
Proj $(F)$ and Proj $(G)$ defined as above. Put $Z=Proj(F)$ and $W=Proj(G)$ . We
denote $I_{F}$ and $I_{G}$ the ideals generated by $S_{i},$ $T_{j}$ and $S_{i},$ $U_{jk}$ respectively in $F$ and $G$ ,
and $\mathcal{I}_{F}$ and $\mathcal{I}_{G}$ the associated ideal sheaves to $I_{F}$ and $I_{G}$ , respectively. We let $K_{F}$ and
$K_{G}$ denote the ideals generated by the images of $K$ in $F$ and $G$ respectively, and $\mathcal{K}_{F}$
and $\mathcal{K}_{G}$ the associated ideal sheaves to $K_{F}$ and $K_{G}$ , respectively. Since the maps from
$Sym_{A/I}(I/I^{2})\otimes_{R}k$ to $F$ and $G$ are locally inclusions of polynomial rings obtained by
adjoining variables, the dimension of $F/K_{F}$ is $n+d+1$ and the dimension of $G/K_{G}$ is $d+$
$(n+1)^{2}$ . We have Euler characteristics $\chi_{Z}(\mathcal{O}_{Z}/\mathcal{I}_{F}, \mathcal{O}_{Z}/\mathcal{K}_{F})$ and $\chi_{W}(\mathcal{O}_{W}/\mathcal{I}_{G}, O_{W}/\mathcal{K}_{G})$
defined by the same process which we outlined above. These Euler characteristics are
simpler to compute than those on $Y$ , since the ideals $I_{F}$ and $I_{G}$ are generated by
variables in a polynomial ring, so that the Tors in the first step can be computed using
Koszul complexes. We note that in the case of $F$ the degrees of the $T_{i}$ must be taken
into account in computing Euler characteristics. We then have
Theorem 1.1 (Gabber) With notation as above, we have
1. $[R(X) : Q(R/\mathrm{q})]\cdot\chi_{R}(R/\mathfrak{p}, R/\mathrm{q})=\chi_{Y}(\mathcal{O}_{Y}/\mathcal{I}, O_{Y}/\mathcal{K})$ , where $R(X)$ is the function
field of $X=Proj(A/I)$ and $Q(R/\mathrm{q})$ is the field of fractions of $R/\mathrm{q}$ .
2. $\chi_{Y}(O_{Y}/\mathcal{I}, O_{Y}/\mathcal{K})>0$ if and only if $\chi_{Y}’((\mathcal{O}_{Y}/\mathcal{I})\otimes_{R}k, (O_{Y}/\mathcal{K})\otimes_{R}k)>0$ , where
we put $Y’=Proj(gr_{I}(A)\otimes_{R}k)$ .
3. $\chi_{Y^{\prime(}}\mathit{0}_{Y}/\mathcal{I}\otimes_{R}k,$ $\mathcal{O}_{Y}/\mathcal{K}\otimes_{R}k$ ) $=x_{Z}(\mathcal{O}z/\mathcal{I}_{F}, O_{Z}/\mathcal{K}_{F})=\chi_{W}(O_{W}/\mathcal{I}_{G}, O_{W}/\mathcal{K}_{G})$ .
From the theorem above, it suffices to test the positivity of $\chi_{W}(O_{W}/\mathcal{I}_{G}, O_{W}/\mathcal{K}_{G})$ .
We note that $k[S_{i}, Ujk.]$ and $k[S_{i}]$ is a subring of $G$ and $F$ , respectively. In what follows,
if $J$ is an ideal of one of the graded rings we are considering, we denote $\overline{J}$ the ideal of
elements $a$ such that $(X_{0}, \ldots, X_{n})\iota a\subseteq J$ for some integer $k$ .
Then we have the following theorem:
Theorem 1.2 With notation as above, the following statements are equivalent:
1. $\chi_{R}(R/\mathfrak{p}, R/\mathrm{q})>0$ .
2. $\overline{K_{G}}\cap k[S_{1}, \ldots, S_{d}, U_{00}, \ldots U]nn=0$ .
3. $\overline{K_{F}}\cap k[S_{1}, \ldots, S_{d}]=0$ .
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2 Positivity an.d Symbolic Powers
For a prime ideal $\mathrm{q}$ of a commutative ring $R,$ $\mathrm{q}^{(k)}=\mathrm{q}^{k}R_{\mathrm{q}}\cap R$ is called the k-th symbolic
power of $\mathrm{q}$ . The symbolic power can also be defined as the set of $r\in R$ such that there
exists $s\not\in \mathfrak{p}$ with $sr\in \mathfrak{p}^{n}$ .
In this section we discuss the following conjecture:
Conjecture 2.1 Let $(R, \mathfrak{m})$ be a regular local ring. Let $\mathfrak{p}$ and $\mathrm{q}$ be prime ideals of $R$
that satisfy $\sqrt{\mathfrak{p}+\mathrm{q}}=\mathfrak{m}$ and $ht_{R}\mathfrak{p}+ht_{R}\mathrm{q}=d$ . Then
$\mathfrak{p}\cap \mathrm{q}^{(k)}\subseteq \mathfrak{m}^{k+1}$
for any $k>0$ .
We show below that in the case where $R\supset \mathbb{Q}$ , we can easily solve the conjecture
affirmatively.
Then we have the following theorem:
Theorem 2.2 Let $(R, m)$ be a regular local ring that is equicharacteristic or ramified.
Let $\mathfrak{p}$ and $\mathrm{q}$ be prime ideals of $R$ that satisfy the following three conditions;
1. $\sqrt{\mathfrak{p}+\mathrm{q}}=m$ ,
2. $ht_{R}\mathfrak{p}+ht_{R}\mathrm{q}=d$ ,
3. $\chi_{R}(R/\mathfrak{p}, R/\mathrm{q})>0$ .
Then we have $\mathfrak{p}\cap \mathrm{q}^{(k)}\subseteq m^{k+1}$ for any positive integer $k$ .
If $(R, \mathfrak{m})$ is equicharacteristic in Theorem 2.2, then the third assumption for $\mathfrak{p}$ and
$\mathrm{q}$ follows from the first and second ones by the positivity theorem due to Serre [14].
Therefore, if $(R, \mathfrak{m})$ is equicharacteristic, Conjecture 2.1 is true.
By Theorem 2.2, Serre’s positivity conjecture implies Conjecture 2.1 in the case where
$R$ is ramified.
Since the connection between the positivity conjecture and Conjecture 2.1 depends
on the construction of section 1, which requires that $R$ is equicharacteristic or ramified,
we do not know whether Theorem 2.2 is true in the case of an unramified regular local
ring of mixed characteristic. Conjecture 2.1 is open in that case.
Here we give a remark on symbolic powers.
Remark 2.3 Let $(.R, \mathfrak{m})$ be a regular local ring and $\mathrm{q}$ a prime ideal of $R$ .
(a) For any $k>0,$ $\mathrm{q}^{(k)}\subseteq m^{k}$ (see Theorem (38.3) in Nagata [10]).
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(b) Assume that $\mathrm{q}\subseteq \mathfrak{m}^{2}$ . If $R$ contains a field of characteristic $0$ (resp. $p>0$), then
$\mathrm{q}^{(k)}\subseteq \mathfrak{m}^{k+1}$ for any $k>0$ (resp. $0<k<p$) by Proposition 2.4 below.
On the other hand, we now present an example in positive characteristic in which
$\mathrm{q}\subseteq \mathfrak{m}^{2}$ but $\mathrm{q}^{(p)}\not\in \mathfrak{m}^{p+1}$ .
Let $E$ be a 3-dimensional regular local ring with regular system of parameters $x$ ,
$y,$ $z$ , and let
$\Phi$ : $R=E[[S, T, U, V]]arrow E[[W]]$
be the ring homomorphism of formal power series rings over $E$ defined by letting
$\Phi(S)=x^{3}W,$ $\Phi(T)=y^{3}W,$ $\Phi(U)=z^{3}W$ , and $\Phi(V)=(xy_{Z)^{2}W}$ . Put $\mathrm{q}=$
$Ker(\Phi)$ . Then, $\mathrm{q}$ is generated by the following 7 elements:
$y^{3}xV-y^{22}zs-X^{3}T,s$
, $yV-z^{2}x^{2}T$ , $zV-X^{22}yU$,
$z^{3}T-y^{3}U$, $x^{3}U-z^{3}S$ ,
$V^{2}-xyz^{4}sT$
Therefore $\mathrm{q}$ is contained in $\mathfrak{m}^{2}$ , where $\mathfrak{m}=(x, y, z, S, T, U, V)R$ .
If $E$ contains a field of characteristic $0$ , then $\mathrm{q}^{(k)}\subseteq \mathfrak{m}^{k+1}$ , but it can be shown (see
[12] $)$ that $\mathrm{q}^{(k)}\not\leqq \mathfrak{m}^{k+2}$ for any $k>0$ , and it follows that the symbolic Rees ring
$\oplus_{k\geq \mathrm{o}\mathrm{q}^{()}}k$ is not Noetherian in this case. It is shown in [12] that a certain subring
of $\oplus_{k\geq 0}.\mathrm{q}^{()}k$ gives a counterexample to the Hilbert’s fourteenth problem which is
in many ways simpler than that of Nagata [9].
If $E$ contains a field of characteristic $p>0$ , then $\mathrm{q}^{(k)}\subseteq \mathfrak{m}^{k+1}$ for $0<k<p$ , but
$\mathrm{q}^{(p)}\not\leqq \mathfrak{m}^{p+1}$ for each prime integer $p$ (see [7]; this example is similar to the one
described below in mixed characteristic). In this case, an element in $\mathrm{q}^{(p)}\backslash \mathfrak{m}^{p+1}$
makes the symbolic Rees ring $\oplus_{k\geq 0\mathrm{q}^{(k)}}$ Noetherian for each $p([6], [7])$ .
We give an example in the case where $E$ has mixed characteristic. Assume that
$E$ is a regular local ring of mixed characteristic such that its residue class field is
of characteristic 2 and that $x$ divides 2. Since $\mathrm{q}\cap E=0$ , we have
$V^{2}-2x^{-1}y^{2}zS2V+xy^{4}zSU+xyz^{4}S\tau-x4y_{Z\tau}U$
$=$ $\frac{1}{x^{2}}\{(xV-y^{2}ZS2)^{2}+yz(yS3-X^{3}T)(X^{3}U-Z^{3}s)\}\in \mathrm{q}^{(2)}$ .
Therefore $\mathrm{q}^{(2)}\not\leqq \mathfrak{m}^{3}$ in this case.
(c) Eisenbud-Mazur [2] studied conditions that imply $\mathfrak{m}\mathrm{q}^{(k)}\supseteq \mathrm{q}^{(k+1)}$ .
The next proposition implies Conjecture 2.1 in the case where $R\supset \mathbb{Q}$ .
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Proposition 2.4 Let $R$ be a regular local ring containing a field and $\mathrm{q}$ a prime ideal
of R. Suppose that $\mathrm{q}^{(k)}\subseteq \mathfrak{m}^{l}$ for some positive integers $k$ and $l$ .
$a)$ If the characteristic of $R$ is $0$ , then $\mathrm{q}^{(k+1)}\subseteq \mathfrak{m}^{l+1}$ .
$b)$ If the characteristic of $R$ is $p>0$ and if $l<p$ , then $\mathrm{q}^{(k+1)}\subseteq \mathfrak{m}^{l+1}$ .
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